Abstract-In this paper, we study hierarchical codebook design for channel estimation in millimeter-wave (mmWave) communications with a hybrid precoding structure. We propose an approach to design a hierarchical codebook exploiting BeaM Widening with Multi-RF-chain Sub-array technique (BMW-MS). To obtain crucial parameters of BMW-MS, we provide a closedform (CF) solution to pursue a flat beam pattern. Performance comparisons show that BMW-MS/CF outperforms the existing alternatives under the per-antenna power constraint, which is adopted due to the limited saturation power of mmWave power amplifier.
I. INTRODUCTION
M ILLIMETER-WAVE (mmWave) communication requires large antenna arrays in general to bridge the link budget gap due to the extremely high path loss. Subject to expensive radio-frequency (RF) chains, analog beamforming/combining structure is usually preferred, where all the antennas share a single RF chain and have constant-amplitude (CA) constraint on their weights [1] - [3] . Meanwhile, a hybrid analog/digital precoding/combining structure was also proposed to realize multi-stream/multi-user transmission [4] - [6] , where a small number of RF chains are tied to a large antenna array. For the hybrid precoding structure, as mmWave channel is generally sparse in the angle domain, different compressed sensing (CS) based channel estimation methods were proposed to estimate the steering angles of multipath components (MPCs) [4] , [7] , [8] . For the analog beamforming structure, a switched beamforming approach was usually adopted [3] , [9] , where the beam search space (at the transmitter and receiver side, respectively) is represented by a codebook containing multiple codewords, and the best transmit/receive beams are found by searching through their respective codebooks.
In practice, for both structures a coarse sub-codebook may be defined with a small number of coarse sectors (or lowresolution beams) covering the intended angle range, while a fine sub-codebook may be defined with a large number of fine (or high-resolution) beams covering the same intended angle range, and that a coarse sector may have the same This work was partially supported by the National Natural Science Foundation of China (NSFC) under grant Nos. 61571025, 61201189, 91338106, and 61231013. coverage as that of multiple fine beams together [3] , [10] - [12] . A divide-and-conquer search may then be carried out across the hierarchical codebook, by finding the best sector first on the low-resolution codebook level, and then finding the best beam on the high-resolution codebook level, while the best high-resolution beam is encapsulated in the best sector [3] , [10] - [12] . Such a hierarchical codebook structure and the associated multi-stage beam search have been adopted in many recent works [3] , [4] , [7] - [9] .
Performances of the search schemes are highly dependent on the codebook design. With an analog beamforming structure, a brute-force antenna deactivation (DEACT) method [13] and a joint sub-array and deactivation method [14] were proposed to design a fully hierarchical codebook. However, antenna deactivation not only reduces the total transmission power, but also requires an analog switch in each antenna branch, leading to additional cost and power consumption [15] . In contrast, a hybrid precoding structure with multiple RF chains (typically a few) can offer higher flexibility for codebook design; hence antenna deactivation and analog switches can be avoided. In [7] , the hybrid precoding structure was (maybe firstly) adopted to shape wider beams by exploiting the sparse reconstruction approach (SPARSE), but high-quality wide beams can be shaped only when the number of RF chains is large enough and deep sinks within the angle range appear otherwise. In addition, a phase-shifted discrete Fourier Transform (PS-DFT) method was also proposed in [16] , where wider beams are shaped by steering multiple RF chains to adjacent equally spaced angles; thus a large number of RF chains are required to shape a very-wide codeword. Although these works [7] , [16] are theoretically feasible, they basically need a lot of RF chains for very-wide codewords, which may make them unappropriate for devices with only a few RF chains.
In this paper, we target at designing a codebook for mmWave channel estimation with a hybrid precoding structure (typically with a few RF chains). We propose an approach to design a hierarchical codebook for the hybrid structure, where BeaM is Widened via Multi-RF-chain Sub-array technique (BMW-MS). To obtain crucial parameters of BMW-MS, we provide a closed-form (CF) solution to pursue a flat beam pattern. Performance comparisons show that BMW-MS/CF (with only 2 RF chains) outperforms the existing alternatives under the per-antenna power constraint (PAPC), which is adopted due to the limited saturation power of mmWave power amplifier (PA) [17] . Without loss of generality, we consider a point-topoint mmWave system with a hybrid digital/analog precoding/combining structure, as shown in Fig. 1 In this paper, we design a hierarchical codebook with the hybrid structure in Fig. 1 . A Tx codebook is a collection of composite codewords, and a Tx composite codeword is in fact a precoding matrix pair (F RF , F BB ), which can be seen as the composite of M RF Tx codewords {(F RF , F BB:,i )} i=1,2,...,MRF . The constitution of the Rx codebook is similar to the Tx codebook. We emphasize that in this paper we use underline to mark a codeword and a composite codeword, respectively, as shown in the above list. Note that the Tx/Rx codebooks are predesigned, and thus they are irrelevant to an instantaneous channel response. However, they are designed based on the steering feature of the mmWave channel, and they are used to reduce the training overhead in channel estimation.
II. SYSTEM MODEL
Similar to [7] and [16] , the analog precoding/combining matrices are with constant-amplitude (CA) elements, because they are controlled by phase shifters. Note that there is no switch in each antenna branch. In addition, we emphasize that there is a single PA in each antenna branch right before the antenna at the Tx. Since in practice the saturation power of a mmWave PA is usually limited [17] , we adopt the PAPC in performance comparisons. As we can expect, the larger the number of RF chains is, the more severely the input power of the PAs fluctuates, and thus the more performance loss under the PAPC. As a consequence, it is in fact favored to design a hierarchical codebook with only a few RF chains.
Without loss of generality, we adopt the same channel model as that in [7] , [13] , [14] , which is given by
where λ is the complex coefficient of the -th path, L is the number of MPCs, a(·) is the steering vector function, Ω and ψ are cos(AoD) and cos(AoA) of the -th path, respectively. Let θ and ϕ denote the AoD and AoA of the -th path, respectively; then we have Ω = cos(θ ) and ψ = cos(ϕ ). Therefore, Ω and ψ are within the range [7] , λ can be modeled to be complex Gaussian distributed, while Ω and ψ can be modeled to be uniformly distributed within [−1, 1]. a(·) is a function of the number of antennas and AoD/AoA, and can be expressed as
where N is the number of antennas (N is M AN at the transmitter and M R at the receiver), Ω is AoD or AoA. It is easy to find that a(N, Ω) is a periodical function which satisfies a(N, Ω) = a(N, Ω + 2). The channel matrix H also has power normalization
B. Channel Estimation
MmWave channel estimation is generally to search the AoDs/AoAs of several strong MPCs one by one via beam search in the angle domain [7] , [13] , [14] . In order to estimate the AoD/AoA of an MPC, signal measurements must be carried out based on transmission of training sequences. In each measurement, multi-stream orthogonal training sequences are transmitted from Tx to Rx, with precoding matrices selected from a Tx codebook and combining matrices selected from a Rx codebook, respectively. Hence, we have the following signal model for a measurement: 
Thus, 
2 , and feeds back j to Tx. Hence, in each measurement, Rx in fact finds the best Tx/Rx codeword pair with the highest signal power. If the Tx/Rx codewords are pre-designed to cover different angle ranges, then the AoD/AoA of the MPC will be within the angle coverage of the best Tx/Rx codewords, respectively.
To seed up beam search, a hierarchical Tx or Rx codebook can be defined [7] , [14] , [16] as Fig. 2 , which is a collection of codewords f or w in this paper. The codebook has log M (N )+ 1 layers with indices from k = 0 to k = log M (N ), where M and N are the number of RF chains and antennas, respectively. The number of codewords in the k-th layer is M k , and
where CV(w) denotes the beam coverage in the angle domain of codeword w, w(k, n) denotes the n-th codeword in the kth layer. Note that a set of M adjacent codewords in the same layer, i.e., {w(k,
Based on a hierarchical codebook, a divide-and-conquer search can be launched (cf. Introduction and [7] ) to fast estimate several MPCs. In this paper, we focus on the design of the hierarchical codebook in Fig. 2 based on the hybrid structure. Details of beam search may refer to [7] .
C. The Problem of Codebook Design
According to (5), with the hybrid structure an arbitrary codeword w (F RF , F BB:,i ) shapes an antenna weight vector (AWV) w = F RF F BB:,i , and the beam steering and coverage of w are in fact reflected by w. Hence, codebook design in this paper is to design w(k, n) such that w(k, n) has the beam coverage CV(w(k, n)) = CV (w(k, n) ). For convenience, we also call w a codeword in the remaining of this paper, but we emphasize that we want to design w (F RF , F BB:,i ) rather than just w itself, because w is solely determined by w but not vice versa. Consequently, a codeword w has the following structure:
where
1 (the CA constraint). Note that the codewords belong to the same composite codeword share the same F RF , which must be considered in the design.
Given the target beam pattern of w(k, n) shown in Fig.  2 , we need to design (F RF , f BB ) for each w(k, n), which is challenging due to the CA constraint on F RF . In [7] , this problem is solved by exploiting the sparse reconstruction approach (SPARSE). While in [16] , the problem is further constrained by letting |f BB | = 1, i.e., the transmission power of each RF chain is the same, i.e., |[f BB ] j | 2 [F RF ] :,j 2 = 1. In such a case, a codeword is a combination of multiple RF vectors with equal power, and it is intuitive that by steering these RF vectors to equally spaced angles, a wide beam can be shaped. This is just the PS-DFT codebook proposed in [16] . In this paper, we also let |f BB | = 1 to simplify the problem, just the same as [16] , but we propose a different method from PS-DFT, which needs only a few RF chains and performs better under the PAPC.
III. HIERARCHICAL CODEBOOK DESIGN
In this section we propose the BMW-MS approach to design a Tx hierarchical codebook based on multi-RF-chain sub-array technique 1 . It is noteworthy that when letting |f BB | = 1 in (7) the structure of the Tx codeword can be further written as
,i is the RF weight vector (RWV) of the i-th RF chain, and the phases of f BB have been absorbed into those of v i ; thus we have in fact let f BB = 1 here. 1 Rx codebook design is similar.
A. The BMW-MS Approach
A critical challenge to design the hierarchical codebook shown in Fig. 2 is beam widening, i. e., to design the low-layer codewords which have wide beam widths. We consider to use the sub-array technique to shape a wide beam. In particular, a large RWV of each RF chain can be divided into multiple sub-vectors (called sub-arrays), and these sub-arrays can point at different directions, such that a wider beam can be shaped. 
where we can find that the beam coverage of w can be controlled by controlling the M RF M S sub-arrays f i,m . It is noteworthy that the coefficient between different sub-arrays is e −jπ(m−1)NSω . As the coefficient depends on m and ω, it induces coupling effect between different sub-arrays of the same RF chain. When the angle gap of two adjacent sub-arrays of the same RF chain is not wide enough, the coupling effect will be significant. In contrast, the coefficient does not depend on i. Hence, there is no coupling effect between different subarrays of different RF chains, which means that the steering angles of two sub-arrays of different RF chains can be close without affecting each other.
Based on the above observation, we propose the BMW-MS approach for beam widening, i.e., to cover an arbitrary angle range [Ω 0 , Ω 0 +B] with M RF RF chains, where each RF chain is decomposed into M S sub-arrays, and the sub-RWVs f i,m are set to steer along the angles
where Δθ = B/(M RF M S ), i.e., f i,m satisfies
where θ i,m are phase parameters (in the angle domain instead of cosine angle domain) to be determined. Since the beam width of a sub-array is 2/N S , Δθ should be no larger than 2/N S ; otherwise there will be sink between two adjacent subarrays.
B. A Closed-Form Solution
A remaining critical issue is to determine the coefficients θ i,m for the BMW-MS approach in (11) . According to (10) , the sub-arrays are set to steer along ω i,m with an angle gap Δθ. This can only guarantee that the beam gains along these directions are high. We also hope that the beam gains along the other angles between adjacent ω i,m are high, such that the beam pattern is flatter. Thus, we can design θ i,m to maximize the beam gains along the middle angles of adjacent ω i,m , i.e.,
, according to (9) the beam gain of w along angles ν i,m can be derived as
It is clear that to determine e θi,m by optimizing the absolute beam gain in (13) is still complicated. However, since we want to obtain a low-complexity solution, we do not directly solve the optimization problem. Noticing that |a(N S , ω 1 )
H a(N S , ω 2 )| becomes smaller when |ω 1 − ω 2 | becomes greater from 0 to 2/N S , and can be neglected when |ω 1 − ω 2 | > 2/N S . This means that the two sub-arrays with steering angles closest to ν k,n have the most significant effects on the beam gain along ν k,n , while the sub-arrays with steering angles far from ν k,n have a little effect on the beam gain along ν k,n . This motivates us to consider only the two close sub-arrays when optimizing the beam gain for simplicity. With this idea, we can finally obtain
where Δθ = B/(M RF M S ), i = 1, 2, ..., M RF , and m = 1, 2, ..., M S . The detailed derivation can be found in Appendix A.
C. Codebook Generation
Up to now we have assumed that M RF , M S and N S are known in priori. However, in practice M RF is given by the system setting, while M S and N S are in fact determined by the beam width B of the codeword to be designed. In other words, M S and N S may be different for different codewords with different beam widths. Since when M S is smaller N S will be bigger and a higher beam gain can be provided, M S should be as small as possible. As Δθ = B/(M RF M S ) ≤ 2/N S and N = M S N S , we can obtain
where · is the ceiling operation.
Recall that we need to design w(k, n) instead of just w(k, n) itself. By exploiting the BMW-MS approach we can design w(k, n) (F RF(k,n) , f BB(k,n) = 1). Recall again that different codewords within the same composite codeword share the same F RF , i.e., the same {v i } i=1,2,...,MRF . This can be satisfied by using Corollary 1 in [14] for beam rotation, i.e.
Corollary 1.
Given the first codeword in the k-th layer w(k, 1), all the other codewords in the k-th layer can be found through rotating w(k, 1) by
which means that all the codewords within the same layer can share the same F RF . In summary, the codebook is generated as follows, where
Let the number of antennas of each sub-array be
where n = 2, 3, ..., M k RF . We emphasize that the main purpose of BMW-MS/CF is to design a full hierarchical codebook shown in Fig. 2 with as less as possible RF chains, because in reality the number of available RF chains in a mmWave device would be small, e.g., typically only 2, 4 or 8. In fact, we recommend to select M RF = 2 to realize BMW-MS/CF, because fewer RF chains help to reduce the input fluctuation of the PAs, and with 2 RF chains BMW-MS/CF can already achieve promising performance as we shall see from simulations later, but a larger number of RF chains can improve the efficiency of channel estimation.
IV. PERFORMANCE EVALUATION
In this section we evaluate the performance of BMW-MS/CF and perform extensive performance comparisons between BMW-MS/CF and the alternatives. We take the PAPC into account in the comparisons, because the saturation power of mmWave PA is usually limited [17] . It is noteworthy that when without PAPC the 2-norm of a codeword is normalized to 1, while when with PAPC the entry with the largest absolute value of a codeword is normalized to 1. figure) between different schemes under PAPC, where M AN = N AN = 32. L = 1 in the simulations, and similar results can be observed when L is set to other values. Success rate refers to the rate that an MPC is successfully acquired by the divideand-conquer search, while achievable rate is computed by using the best Tx/Rx precoding/combining codewords found in the divide-and-conquer search. These two figures show again that BMW-MS/CF outperforms PS-DFT and SPARSE under PAPC.
V. CONCLUSIONS
In this paper we design a hierarchical codebook for mmWave channel estimation with a hybrid precoding/combining structure, where multiple RF chains are available. The BMW-MS approach has been proposed, where beam is widened with the multi-RF-chain sub-array technique. In the meanwhile, a closed form (CF) solution has been proposed to obtain crucial parameters for the BMW-MS approach to pursue flat beam patterns. Performance comparisons show that BMW-MS/CF (with only 2 RF chains) outperforms PS-DFT and SPARSE under the per-antenna power constraint. 
APPENDIX A DERIVATION OF (14) There are two different types of positions of ν k,n . The first one is ν k,n with k = 1, 2, ..., M RF − 1. The closest steering angles to it are ω k,n and ω k+1,n , i.e., the two corresponding sub-arrays have adjacent RF indices and the same sub-array index. The other one is ν MRF,n . The closest steering angles to it are ω MRF,n and ω 1,n+1 , i.e., the two corresponding sub-arrays have adjacent sub-array indices but the RF index switches from M RF to 1. The beam gain of the first type of ν k,n is derived as in (17) on the top of this page, where we have used 
From (17) we can find that to optimize the absolute gain, we have θ k+1,n − θ k,n = −π(N S − 1)Δθ/2.
In addition, the beam gain of the other type of ν k,n is derived as in (18) on the top of the next page, where we can find that to optimize the absolute gain, we have θ 1,n+1 − θ MRF,n = −π(N S − 1)Δθ/2 + πN S nM RF Δθ (21) Based on (20) and (21), we finally obtain (14) .
